We collect and combine all published data on the vertical atmospheric muon flux and the muon charge ratio for muon momenta above 10 GeV. At sea level the world average of the momentum spectra agrees with the flux calculated by E.V. Bugaev et al. within 15 %. The observed shape of the differential flux versus momentum is slightly flatter than predicted in this calculation. The experimental accuracy varies from 7% at 10 GeV to 17% at 1 TeV. The ratio of fluxes of positive to negative muons is found to be constant, at a value of 1.268, with relative uncertainties increasing from approximately 1% at low momenta to about 6% at 300 GeV.
Introduction
We collect measured atmospheric muon flux data and charge ratios as a function of momentum and compute world averages. Only measurements at sea level or low altitudes and for (near) vertical incidence are taken into account, since several data sets are available for these experimental conditions. Here we consider only data with muon momenta above 10 GeV. At lower momenta geomagnetic effects and solar influences play a significant role and make the interpretation of the data more difficult. A recent compilation of charge ratio data at low muon momenta can be found in reference [1] . A precise knowledge of the muon spectrum and charge ratio allows to constrain the primary flux and the models of atmospheric showers so that also the atmospheric neutrino fluxes can be calculated with a good precision. This is a very important issue, since the Superkamiokande experiment [2] and others have seen indications for a disappearance of atmospheric muon neutrinos. So far this interpretation is based on the angular distribution and on the ratio of muon neutrino to electron neutrino fluxes. It is very important to compare also directly the measured and calculated absolute muon neutrino fluxes; until now this was prevented by the large model uncertainties.
Effects relevant for spectrum and charge ratio
The following effects might influence the measurements of the muon flux and the charge ratio. It is possible that the published data need to be corrected accordingly in order to arrive at a meaningful comparison between the various measurements.
• Geomagnetic effects For near vertical incidence the geomagnetic cutoff for primary protons is below 10 GeV for all latitudes at which the cosmic ray measurements were made [3] (exceptions are discussed below). Geomagnetic effects can therefore be neglected.
• Solar modulation Using the parameterization given in reference [4] we estimate that the primary proton flux at 50 GeV (100 GeV) decreases by 3% (1.6 %) at maximum solar activity compared to the minimum. The mean primary proton momentum resulting in 10 GeV muons at sea level exceeds 100 GeV. Using the air shower program CORSIKA [5] , we found that about 80% of those protons have a momentum larger than 50 GeV. This results in an uncertainty of ±1% for the muon flux at a momentum of 10 GeV. Similarly, one can estimate a flux uncertainty of ±0.5% at 20 GeV and less at higher momenta. At 10 GeV the charge ratio is expected to change by about ±0.2%. At higher momenta the effect is even smaller. We do not correct the data for time dependent solar effects.
• Altitude dependence Not all experiments measure at sea level. In order to investigate the dependence of flux and charge ratio on the altitude we used the air shower simulation program CORSIKA and also apply the empirical formula found by De Pascale et al. [6] .
For muon momenta above 10 GeV and altitudes less than about 1000 m the vertical muon flux can be parameterized by
where h = altitude, L = 4900 m + 750 m p GeV and p = muon momentum.
The form of the parameterization is similar to the one used in [6] . The uncertainty of ±0.003 reflects the quality of the parameterization and the comparison to the measurements. Example: For h = 1000 m and p = 10 GeV we obtain the flux Φ(h) = 1.08 · Φ(h = 0). Note: Caprice data [7] disagree with both [6] and CORSIKA for higher momenta; here they have not been taken into account.
The charge ratio is not affected, it changes by less than 0.005 for h < 1000 m and p > 10 GeV.
We do correct all published fluxes using formula (1).
• Zenith angle dependence
The muon data are normally collected within a certain cone around the vertical direction, including zenith angles up to θ max . With help of CORSIKA we find that the zenith angle dependence can be parameterized in the form
with a momentum dependent coefficient a(p). Accordingly we estimate the following flux reduction factors Since not all experiments quote the range of accepted zenith angles, we cannot correct for this effect. We have to keep in mind that this might cause a bias, especially at low momenta.
• Atmospheric pressure/temperature profile Previous calculations [8] and measurements [9] indicate that the relative muon flux variation ∆Φ at ground level is related to the temperature-distribution in the atmosphere via
Φ is the integral flux above a certain muon momentum threshold p th . T ef f is the absolute effective temperature of the higher atmosphere. α is the temperature coefficient, which is a function of zenith angle and muon energy. For zenith angles θ ≈ 0 [8, 9] :
Simulations using CORSIKA arrive at similar conclusions. Example: At a threshold of 70 GeV the formula yields α = 0.5. Since the atmospheric temperature, with a typical value of 220 K, varies over the year by up to ±5 K, this implies a flux change of ±1%.
For muon momenta above 10 GeV the pressure at ground level is not expected to show a significant correlation with the flux [8] .
Unfortunately, most experiments do not report the atmospheric temperature, nor do they correct for this effect. It is even not clear, how to define the reference value. Therefore, we cannot correct for atmospheric effects.
• Unfolding of the momentum spectrum The measured muon spectrum agrees with the true spectrum only if the momentum resolution is small compared to the momenta being investigated. Otherwise, the steepness of the spectrum, which falls off approximately according to dΦ dp
leads to an asymmetric distortion, an enhancement of the measured flux at high momenta. Thus, the measured spectrum needs to be unfolded for experimental resolution effects.
In the most simple approach -assuming the spectrum is roughly known -this can be achieved by a simple correction factor, which has been calculated in [10] . The authors assume the spectrum (6) and a Gaussian error distribution in the variable 1/p with width σ 1/p . Often the experimental resolution is given in terms of the 'Maximum Detectable Momentum' p M DM , defined as the momentum value for which the integral over the Gauss distribution becomes 1/2:
Thus,
The ratio of the measured and true spectra is then given by
The measured flux must be multiplied by 1/R to correct for the experimental resolution. Figure 1 shows the dependence of R on 1/p. For p < 0.3 p M DM the correction amounts to less than 1% and can be neglected. For higher momenta the correction rises strongly and must be taken into account.
We have assumed that the experimenters have corrected their data for momentum resolution effects or that they can be neglected. However, several papers are not very clear on this point. Therefore, some published spectra might be biased towards too high flux values at large momenta. Only published results are taken into account. In appendix A we summarize the characteristics of all relevant experiments/publications, in chronological order. The spectrum and charge ratio data used in this compilation are listed explicitly in appendices B and C.
Absolute muon flux
There are two aspects to the measurement of the absolute muon flux, namely the shape of the spectrum as a function of energy and the absolute normalization. Some experiments only measure the relative muon flux as a function of momentum. Therefore we will analyze the data in two steps. First we check the spectral shape, leaving the normalization as a free parameter. Secondly we determine the absolute normalization of the spectrum.
The shape of the muon spectrum
A whole range of experiments are performed to measure the muon flux, the measurements used are listed in appendix B. We have corrected the datasets for altitude, which is a small correction in most cases. In order to be able to compare the datasets, we fit each set to a reference shape, using the data with momenta above 10 GeV. In this fit, and in the following, we assume that the measurement performed in each momentum bin is independent of the other momentum bins. The reference shape is taken from the theoretical calculation by Bugaev et al [11] , leaving the normalization as a free parameter. In general this shape provides a good description of the datasets, as can be seen below. The results of our fit are listed in table 1. In this table, we separated the data from Rastin [25] into two sets, as different normalizations are used in their paper. Next to fitting the normalization, we also calculated the normalization by comparing the integrated flux above 10 GeV/c (or the lower cutoff of the experiment whichever is higher) to an integrated flux calculation using the reference shape. The data published in references [13] , [16] and [15] do not allow for this normalization method. As these papers are normalized [27] 10/6 0.822 ± 0.009 0.818 ± 0.007 Kremer 1997 data [27] 13/6 0.831 ± 0.008 0.821 ± 0.007 Table 1 : Normalization of datasets with respect to the Bugaev calculation to Rossi [28] we recalculate this normalization point with the reference shape. The data of [21] are normalized to the differential flux at 10 GeV/c. The results of this calculation are shown in the last column of table 1. In general, both normalizations are in good agreement. The high energy part of the Rastin data is shown in figure 2. Here and in the following we present all spectra weighted with p 3 , a common practice to compensate for the steep fall-off with momentum. Figure 2 nicely shows that the reference shape fits the data rather well, which justifies the use of the Bugaev curve as a reference. However, the data has the tendency to be slightly higher than the normalized curve at the higher momentum values. The χ 2 of the fit as listed in this table made us re-check five datasets; the first four are shown in figure 3 . The data of Holmes [16] clearly show that a simple re-normalization will not work. The data points do not follow the reference shape, especially at higher momenta. In their paper Holmes et al. apply additional corrections to the highest two data points, indicating that these are close to the MDM of the detector. Unfortunately, the value of this maximal momentum is not mentioned. The Appleton data [19] are scattered a lot around the curve. With the value of χ 2 /NDF being only slightly less than 2, this plot suggests that the errors could be underestimated. The Allkofer data [20] have a completely different shape. The data rise faster than the reference shape and plateau at a lower value. This plateau also seems to be wider than suggested by the reference distribution. The Nandi data [29] rise to a significantly higher value than predicted by the reference shape. This and the low value of the third data point create the large χ 2 . The Ayre data [23] (left side of fig. 4 ) start off below the curve and continue to rise longer than [16] , Appleton et al. [19] , Allkofer et al. [20] and Nandi et al. [29] in comparison to the reference spectrum from Bugaev et al. [11] , after normalization [23] in comparison to the reference spectrum from Bugaev et al. [11] , after normalization. Left: data as published. Right: spectrum after momentum scaling.
expected. Therefore, the peak is at a higher value, but the drop-off rate seems to be similar as predicted on a log(p) scale. The curve suggests that the momentum could be over-estimated. A best fit of the momentum scale leads to a scaling of the momenta by a factor of 0.825, see right side of fig. 4 . The χ 2 /NDF improves from 348/44 to 136/44. It naturally changes the normalization. The muon spectrum closely follows a p −3 -dependence, thus the normalization is changed to about 56 % of the original. This is in fact what we observe. Even using the modified momentum, for which we cannot find a justification, the Ayre data do not fit the curve very well. If we ignore these five datasets for the moment, we can compare the remaining data to the reference curve. We do this by applying the normalization calculated as outlined before, and listed in table 1 the remaining five datasets the difference between the shape of the data and the reference shape increases, especially at higher momenta. This can be seen in figure 6 . discussed above have a large impact on the χ 2 of the relative difference in these bins. Therefore, we will exclude them when adjusting the shape according to the measurements. We fit a third degree polynomial to the logarithm of the flux as a function of the logarithm of momentum. We parameterize this function as follows:
This parameterization is similar to the one used by [11] , however the fit variables are chosen such that they have a simple interpretation: H 1 , H 2 , and H 3 represent the logarithm of the differential flux at 10, 100 and 1000 GeV, S 2 represents the exponent of the differential flux at 100 GeV. The χ 2 /NDF of this fit is 8/12, the correlation matrix is shown in appendix D. The fitted parameters are listed below, as well as the equivalent values from our reference shape. The ratio between the normalized flux data and the fitted function. The band indicates the uncertainty of the fit. The dashed curve represents the normalized reference shape [11] . Figure 7 contains a 1σ error band, which can be approximated by
It represents the size of the combined relative experimental uncertainties as a function of momentum bin.
The shape uncertainty at reference momenta of 10, 100 and 1000 GeV are 0.5%, 1.8% and 15% respectively. Above 200 GeV the uncertainty rapidly increases, indicating that more measurements are needed at these momenta.
The absolute normalization of the muon spectrum
In section 4.1 we fitted a functional shape to all renormalized datasets. The renormalization was such that the integral flux above 10 GeV corresponds to the calculation by Bugaev. We will now fit the functional shape obtained in 4.1 to the datasets of those experiments providing an absolute flux measurement, while leaving the normalization as a free parameter. Therefore we fit the function [27] 9/6 0.811 ± 0.009 Kremer 1997 data [27] 11/6 0.820 ± 0.008 Table 3 : Normalization factor C with respect to the integrated flux as calculated by Bugaev
The result is shown in table 3. We again ignore the datasets with a very high χ 2 /NDF (Allkofer, Ayre). The three remaining data sets with the largest normalization factors (Bateman, Green and Tsuji) are measurements performed with solid iron magnet spectrometers, whereas the other three (Kremer 1994 and and De Pascale) use the same superconducting magnet. We will first average the normalizations performed by the same collaboration (Bateman and Green, Kremer), and afterwards calculate the normalization measurements performed by the solid iron magnet spectrometers and the superconducting magnet spectrometers, which gives the following results:
Solid iron magnets 0.937 ± 0.012 Superconducting magnet 0.811 ± 0.007
These values are clearly not in agreement. We have no explanation for this observation. We will simply take the average of these two values to be our normalization and half the difference to be the uncertainty. We arrive to our final value of 0.874 ± 0.063, thus a normalization with a relative uncertainty of 7 %.
The muon spectrum
In the preceding sections we have parameterized the muon spectrum at sea-level. We summarize the parameters obtained:
.874 ± 0.063 0.135 ± 0.002 −2.529 ± 0.004 −5.76 ± 0.03 −2.10 ± 0.03
Our description, as well as the calculation from Bugaev, and the measurements used for the normalization are shown in figure 8 . The error is given be the estimated normalization uncertainty of 7% and the shape error in (11) , added in quadrature. If we compare our description of the differential flux to the theoretical description of Bugaev [11] we get the following : At 10 GeV the measured flux is 89% of the calculation of Bugaev. However, the measured shape is slightly less steep, and at 1 TeV we arrive to a value which is close to the predicted one.
Charge Ratio
The charge ratio R µ is defined as the ratio of vertical fluxes for positive and negative muons at sea level.
The measured charge ratios together with the published uncertainties are listed in appendix C. Figure 9 shows all values as a function of momentum. In order to study the momentum dependence we have grouped all 15 data sets into momentum bins chosen to be equidistant in log p. We have combined the different measurements by assuming that they are uncorrelated. The bin size is relatively large, since a strong momentum dependence is not expected. The result is shown in figure 10 . The two data points around 500 GeV and the single measurement above 1 TeV have huge uncertainties (∼ 20%) and are therefore not included in the figure.
For all eight momentum bins the χ 2 values are good or at least acceptable; this implies the various experimental data agree among each other. The third momentum yields the highest charge ratio. However, this result can not be attributed to a single 'outlier'.
To see if there is a momentum dependence we have performed the following fits to the charge ratio values shown in figure 10 as a function of log p:
This gives a good fit with χ 2 /NDF = 158/142. The resulting charge ratio of
is displayed in figure 10 as horizontal line.
µ · log(p/GeV) Naturally this fit is satisfactory, too. The slope comes out as
which is compatible with zero.
Therefore, the measured charge ratios are consistent with the hypothesis of being momentum independent in the range 10 GeV ≤ p ≤ 300 GeV.
We have looked at the data in more detail and tried to answer the following questions: i) Do the different experiments agree with each other ? ii) Is the 'peak' at about 30 GeV significant ? The previous statistical analyses and figure 9 seem to imply the answer 'yes' to the first question. However, when separately plotting the two (by far) most precise data sets (Baxendale 1975[30] and Rastin 1984[31] ), one finds the discrepancy displayed in figure 11 . Averaged over all momenta the mean values Table 4 : Average charge ratios disagree on the 4σ level. To reduce the discrepancy to about 1σ we assume -in the spirit of the Particle Data Group [32] -that for all experiments an additional systematic error of ±0.015 must be added, in form of a scale uncertainty common to all measurements of one experiment, independent of momentum. Clearly, this is a crude model! Including these errors results in the charge ratios displayed in figure 12 . Note that the values are quite close to those in figure 10 , while the error bars are enlarged. The corresponding numbers are listed in table 4. The momenta are calculated from the central values of the logarithmic bins.
There is no final answer to question ii). While the measurements by Baxendale (and also others, with larger errors) indicate an increase of the charge ratio at momenta around 30 GeV, the data by Rastin do not support this hypothesis. For the moment the measurements are consistent with the simple hypothesis of a momentum independent charge ratio. We try to summarize the charge ratio measurements and their uncertainty (68% CL) with the following formula:
R µ = 1.268 ± 0.008 + 0.0002 · p GeV (17) in the momentum range 10 − 300 GeV. Figure 12 shows the corresponding mean value and the error band. The central value is the mean of all measurements, taking into account the additional systematic error of 0.015. The momentum dependent error is estimated such that it is roughly of the same size as the uncertainties of the corresponding data points in figure 12 and table 4. Theoretical models of atmospheric showers must be able to reproduce these data, the calculated charge ratios should fall into the band given in equation (17) and figure 12 . Clearly, at high momenta precise data is still lacking. Momenta above a few hundred GeV are of particular interest, since a growing influence of kaons and a resulting increase of the charge ratio is predicted [33] .
Summary and conclusions
We have combined the published data on the vertical muon spectrum and charge ratio at sealevel. In this comparison we have found that the differential spectrum can be described using a simple formula. The shape of the momentum spectrum is well measured at momenta below 100 GeV. Above 200 GeV only a few data points exist, therefore the uncertainty increases to 17 % at 1 TeV. Several experiments measure the absolute normalization of the spectrum. Our combined result is compared to the calculation by Bugaev et al. At 10 GeV the measured flux is 11 % below the calculated one. The charge ratio is reported by many experiments. The combined result favors a momentum independent value of the charge ratio of 1.268. The error on the charge ratio increases rapidly above 200 GeV due to a lack of precise experimental data in that region.
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APPENDIX A Measurements.
The following three tables list the experiments/publications we considered, in chronological order, together with the most important parameters.
Some entries are missing since the corresponding figures are not published. In particular the zenith angle regime is characterized frequently only by verbal expressions like 'near vertical'. We distinguish three magnet types: solid iron and conventional coil, air gap magnet with conventional coil and air gap magnet with superconducting coil. The period of data taking is indicated by year and month, e.g. 59/11 stands for November 1959.
The following remarks refer to the experiment numbers in column 1 of the tables. The figures mentioned are those of the corresponding publication.
1) Not used, since data set is a subset of 3) [34] .
2) Spectrum data read off from figure 1; charge ratio taken from 3) [34] . 6) Spectrum normalized to Rossi [28] ; data read off from figures 8 and 15. 7) Spectrum normalized to Rossi. 8) Spectrum normalized to Rossi; data read off from figures 1 and 3.
9)
The two values at p = 240 GeV are not statistically independent. We have calculated the arithmetic mean of the two figures and took the smaller of the two statistical errors as the uncertainty. 10) We do not use these data, which were obtained in the equator region, where the geomagnetic cutoff is large (14 GeV) and may influence the muon flux.
11) The spectrum data form a subset of those published in 13) [19] . Nevertheless we consider it separately, since the normalization procedures are slightly different. When calculating world averages we exclude these data. We do not use the charge ratio data, since they are included in the superset published in 13) [19] . 13) Spectrum: no absolute flux determination, only normalization to previous measurements by other experiments. Charge ratio: A few measurements are given with slightly asymmetric errors; they have been 'symmetrized' by shifting the central value to the center of the error interval. 15) Apparatus under concrete shelter of 868 g/cm 2 . 16) We use only the charge ratio value obtained at the town of Kiel [20] ; for the other measurements, made at muon momenta close to and below 10 GeV in the equator region, the geomagnetic cutoff is large (14 GeV) and may influence the muon flux. 20) Resolution correction is based upon MDM = 100 GeV; if MDM of 350 GeV is used, spectrum is flatter and better consistent with 18) [23] . Points up to 100 GeV are considered reliable. 21) Spectrum data are normalized to an integral intensity at 5 GeV. The spectrum provided is the theoretical spectrum that fits the data best. 22) Above 50 GeV authors question results due to resolution. 24, 25) Same magnet as 22) [6] . Charge ratio and its error read off from figure 2. [24] (USA) scint.
APPENDIX B Muon flux data.
The following lists contain all spectrum data for momenta above 10 GeV. The flux is given in (m −2 sr −1 s −1 GeV). Each line contains the momentum in GeV together with the published value and uncertainty of the flux. Altitude corrections have been applied later and are not included in the figures listed here.
• D.E. Caro et al, 1950[12] 12.2 (6.46 ± 0.75)·10 
